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ABSTRACT 
Using a r ecen t ly  derived form of t h e  equation f o r  e l a s t o - p l a s t i c  
flow, procedures a r e  set up f o r  the so lu t ion  of i n i t i a l -  and boundary- 
value problems. 
a longi tudina l ly  s t r e s s e d ,  axisymmetric notched rod. The problem i s  
s t a t e d  e x p l i c i t l y  i n  terms of e l l i p s o i d a l  coordinates ,  which seem most 
na tu ra l  f o r  t he  geometric character  of t he  problem. 
procedures a r e  out l ined  i n  some d e t a i l ,  and t h e i r  appl ica t ion  t o  t h e  
problem a t  hand is discussed. 
are considered although, a t  t h i s  wr i t ing ,  no ac tua l  da t a  a r e  i n  hand. 
The underlying f ea tu re  of the  whole procedure is t o  provide so lu t ions  
t o  such problems i n  general ,  such t h a t  t he  so lu t ions  w i l l  be of  cons i s t en t ly  
high accuracy. 
Attent ion i s  directed s p e c i f i c a l l y  t o  t h e  problem of 
The bas i c  numerical 
Means f o r  managing and u t i l i z i n g  t h e  output 
i v  
. 
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I .  INTRODUCTION 
I t  has become near ly  t r u i s t i c  t o  observe t h a t ,  i n  the  context of 
f r a c t u r e  mechanics, our  knowledge of  t he  s t r e s s  and s t r a i n  f i e l d s  i n  
the  v i c i n i t y  of cracks suf fers  from the  exclusion from analys is  of the  
e f f e c t s  of p l a s t i c i t y ,  o r  yielding. 
der ive  mainly from l i n e a r  e l a s t i c i t y  and i t s  r e s u l t s  f o r  highly 
idea l i zed  bodies.  l Y 2  That such procedures have been successful  i s  
hard ly  cont rad ic tory ;  much e f f o r t  has been expended i n  def in ing  
t h e  r e s t r i c t i o n s  under which l i nea r  f r a c t u r e  mechanics, as  it i s  
c a l l e d ,  i s  appl icable .  
The procedures now ava i l ab le  
The p i c t u r e  t h a t  seems t o  emerge is  t h a t  l i n e a r  f r a c t u r e  mechanics 
represents  a l i m i t  case  of  s o r t s .  That i s ,  such procedures a r e  
meaningful f o r  mater ia l s  and/or geometries i n  which but  l i t t l e  y ie ld ing  
occurs a t  t he  poin t  of  f r a c t u r e  i n i t i a t i o n .  
tends t o  i n v a l i d a t e  t h e  predict ions of l i n e a r  f r a c t u r e  mechanics, and 
t h e  assoc ia ted  procedures appear incapable of  being s u i t a b l y  modified 
t o  account f u l l y  f o r  g rea t e r  amounts of  y ie ld ing .  
Somewhat more y i e ld ing  
Hence, a reexamination of  the  assoc ia ted  problems i n  continuum 
mechanics is indica ted .  The ul t imate  goal i s ,  i n  a broad sense ,  t o  
develop a more general ized understanding of the  s t r e s s  and s t r a i n  
f i e l d s  accompanying the  event of f r a c t u r e  (or  rupture ,  f a t i g u e ,  e t c . ) ,  
while r e t a i n i n g  the  usefu l  s impl ic i ty  now a t  hand. In  p a r t i c u l a r ,  any 
f u r t h e r  r e s u l t s  should contain the present  ( e l a s t i c )  r e s u l t s ,  both as  a 
l i m i t  case and a s  a measure of the changes t h a t  occur as  y ie ld ing  
proceeds. 
In  considering what s o r t s  of f ea tu re s  ought t o  be included i n  
such work,  one might def ine three main ca tegor ies :  mater ia l  
. 
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n o n l i n e a r i t i e s ,  geometric non l inea r i t i e s ,  and t r u e  geometric repre-  
s en ta t ion .  The f irst  of t hese  involves mainly the  event of  p l a s t i c  
flow, and can include as well  items such as creep,  strain-weakening 
and -s t rengthening ( i n  c y c l i c  loading),  and so on. 
t h e  changing shape of  a body as deformation proceeds, e i t h e r  l o c a l l y  
o r  g loba l ly .  The t h i r d  category re laxes  our  h i s t o r i c a l  l imi t a t ions  
of  t r e a t i n g  problems i n  two s p a t i a l  v a r i a b l e s ,  
The second incorporates  
A f a i r  amount of speculation and some very in tense  e f f o r t  have 
been d i r ec t ed  toward including these features i n  ana lys i s .  
r epor t  i s  concerned with e f f o r t s  i n  the  f i r s t  category, mater ia l  
n o n l i n e a r i t i e s .  Moreover, a matter of  continuing concern i s  t o  ensure 
t h a t  t h e  procedures being developed do not  necessa r i ly  preclude 
eventual  considerat ion of t he  other  f ea tu res  needed i n  ana lys i s .  
The present  
Earlier e f f o r t s  3 9 4 ’ 5  along these  l ines  may be viewed i n  r e t rospec t  
as p i l o t  work. 
o f  e l a s t o - p l a s t i c  flow i n  a manner amenable t o  ana lys i s ,  and development 
of e f f i c i e n t  although crude numerical methods f o r  problem so lu t ion .  
In  e f f e c t ,  t h e  e a r l i e r  work has paved t h e  way f o r  the  present  e f f o r t  
by demonstrating t h a t  the  procedures and methods a r e  v iab le .  
c lose  examination of t he  r e s u l t s  pointed up s p e c i f i c  requirements t o  
be  met by more ca re fu l ly  prepared analyses .  
Those procedures involved formulation of the  equations 
Moreover, 
As a r e s u l t ,  t he  present  program of  research has been e s t ab l i shed  
with t h r e e  main ob jec t ives .  The f irst  i s  development of  very accurate  
numerical procedures f o r  solving t h e  exact  equations of e l a s t o - p l a s t i c  
flow, with emphasis on problems involving notches and cracks.  
d i r e c t  comparison between the  r e s u l t s  of such work and s imi l a r ly  
Secondly, 
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prec i se  experiments are t o  be made t o  e s t a b l i s h  the  manner i n  which 
such analyses may be regarded as phys ica l ly  meaningful. 
a n a l y t i c a l  t o o l s  thus developed are  t o  be applied sys temat ica l ly  t o  
determine t h e  i n t e r p l a y  between mater ia l  p rope r t i e s ,  geometry, loading 
condi t ions,  and f a i l u r e  phenomena. 
F ina l ly ,  t h e  
This repor t  is concerned with t h e  numerical procedures noted 
above. 
of  the  equations of e l a s to -p la s t i c  flow.6 
an e x p l i c i t  statement of Navier's equat ions,  t h a t  i s ,  the  equi l ibr ium 
equat ions wr i t t en  i n  terms of the displacement ( r a t e s ) .  
found t h a t  these  equations a re  quas i - l inear ,  which g r e a t l y  f a c i l i t a t e s  
numerical so lu t ions .  Moreover, f o r  mater ia l s  whose s t r e s s - s t r a i n  
curve i s  monotonic, t h e  equations a r e  e l l i p t i c .  
a r b i t r a r y  work-hardening may, from a procedural s tandpoin t ,  be t r e a t e d  
merely as an extension of  e l a s t i c i t y .  
The f i r s t  s t e p  i n  t h e i r  establishment has been a reformulation 
This work has r e su l t ed  i n  
I t  has been 
This means t h a t  
The next s t e p  has been t h e  adoption of  a generic  view of  notch and 
crack problems. 
computation of t he  i n f i n i t e  s t r e s s e s  assoc ia ted  with p e r f e c t l y  sharp 
cracks becomes problematic. On the  o the r  hand, ac tua l  cracks a r e  not  
p e r f e c t l y  sharp but  have root  r a d i i  of  t he  order  of i n ,  o r  less. 
Such root  r a d i i  engender stress concentrat ion f a c t o r s  of t he  order  of  
lo2. I t  was thus concluded t h a t  geometries with similar stress 
concentrat ions are t o  be prefer red ,  f o r  two reasons.  First ,  they 
model t he  physical  s i t u a t i o n  more accura te ly  than the  mathematical 
abs t r ac t ion  of a p e r f e c t l y  sharp crack and, second, they preclude the  
necess i ty  of  f inding an i n f i n i t y  on t h e  computer. 
Since numerical so lu t ion  methods a r e  unavoidable, 
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Such an approach fol lows,  of course,  t he  p a t t e r n  of  using e l l i p t i c  
coordinates set by I n g l i s  and G r i f f i t h  long ago. As a test  case,  two 
numerical e las t ic  analyses were performed and compared t o  exact  
a n a l y t i c a l   result^.^ 
c l a s s i c a l  paper by Filon," and t h e  second f o r  p l ana r  e l a s t i c i t y  
simulated G r i f f i t h ' s  problem. The comparison showed e r r o r s  of t h e  
order  of 1% o r  less f o r  values  of t he  r a t i o ,  roo t  radius/semi-focal 
d i s tance ,  as low as Thus t h e  ana lys i s  of notches and cracks is  
t o  be performed i n  e l l i p t i c  coordinates ,  with t h e  s t r e s s  concentrator  
being simply a prese lec ted  coordinate l i n e .  D i s t inc t ion  between a 
notch and a crack becomes a r b i t r a r y ;  f o r  example, a crack might be 
def ined as any s t r e s s  r a i s e r  whose ( e l a s t i c )  s t r e s s  concentrat ion f a c t o r  
exceeds t en .  
7 8 
The f i r s t ,  f o r  t o r s i o n ,  was compared t o  the  
As a f i n a l  s t e p  i n  e s t ab l i sh ing  numerical procedures,  d e t a i l e d  
numerical methods must be defined. 
was found t h a t  t h e  repeated appl icat ion of  Taylor 's  s e r i e s  is s u f f i c i e n t  
t o  meet t h i s  need. 
Based on e a r l i e r  work,3" it 
Details o f  these methods appear below. 
In order  t o  make t h i s  presentat ion e x p l i c i t ,  a t t e n t i o n  here in  
i s  d i r ec t ed  toward the  problem of the  tens ion  of  an axisymmetric notched 
rod. The procedures a r e  equally appl icable  t o  p lanar  e l a s t o - p l a s t i c  
flow; indeed the  l a t t e r  cases  are somewhat more s impl i f i ed  i n  t h a t  
c i rcumferent ia l  s t r e s s  and s t r a i n  components need not be ca lcu la ted  
simultaneously with t h e  o the r s .  
. - 5 -  
11. PROBLEM STATEMENT 
The problem t o  be t r e a t e d ,  as noted above, is  t h a t  of t he  
tens ion  of  an axisymmetric, notched rod. 
unnotched por t ion ,  of  R ;  i t s  length is  2H; and the  notch i s  of  
hyperbol ic  shape* of  depth D ,  root rad ius  p .  
a x i a l  only and i n s i s t  t h a t  it, too,  be axisymmetric. 
generated e i t h e r  by displacements o r  s t r e s s e s  imposed on the  rod 
ends; for  s impl i c i ty  we use here a constant  a x i a l  stress. 
Figure 2 .1 .  
The rod has a r ad ius ,  i n  i t s  
We presume loading t o  be 
Loading may be 
See 
Figure 2.1 - Geometry of 
axisymmetric rod under 
tens ion ,  u = 0 a t  z = + H. 
Rod radius ' is  R ,  notch 
depth D,  and notch root  rad ius  
P *  
- 
By symmetry, we need consider only the  first quadrant of  t he  domain; 
f u r t h e r  d e t a i l  appears below. 
6 The governing equations fo r  t h i s  case a re  derived elsewhere, 
and t h a t  development need not  be repeated here .  For these  equations 
* More accura te ly ,  an hyperboloid of one shee t .  
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t o  become e x p l i c i t ,  spec i f ica t ion  is  t o  be made o f  two e l a s t i c  
cons tan ts ,  t he  i n e l a s t i c  port ion o f  t he  s t r e s s - s t r a i n  curve, and a 
loading funct ion 4 .  
We may wr i t e  the  governing equations i n  an e l l i p s o i d a l  system 
of coordinates  ( 6 ,  e, TI) derived from c y l i n d r i c a l  coordinates 
(rJ ‘ J  by 
r = b coshc cosn 
8 = 8  
z = b sinhs sin0 
where b is  the  semifocal dis tance of  t h e  family of  confocal e l l i p s o i d s  
5 = const and hyperboloids r( = const.  
introduced: 
The following nota t ion  is  then 
H2 = cosh2S - cos2y 
u, w = displacement components i n  5, TI di rec t ions  
E ~ ,  c O l  c n ,  csTI = strain components 
‘ g J  ‘e’ ‘,,l ‘,rO = s t r e s s  components 
and a dot over any dependent var iab le  denotes i t s  de r iva t ive  with 
respec t  t o  time t .  
are seen t o  be 5, q ,  t ;  a l l  dependent va r i ab le s  a r e  independent of the  
coordinate  e as a consequence of axisymmetry. 
The t h ree  independent va r i ab le s  i n  the  problem 
The s t r a i n  r a t e  - displacement rate r e l a t i o n s  a r e  
-7- 
42 . 
E = (u t anh t  - w tann) 0 
The equi l ibr ium equations become 
- (Gs - in) sinZn/H 2 .  + T (2 sin2S/H 2 + tanhs) = 0 
sn  
I t  should be r e c a l l e d  t h a t  (2.2) and (2.3) r equ i r e  s p e c i f i c a t i o n  of 
i n i t i a l  conditions;6 we presume a l l  dependent va r i ab le s  t o  be n u l l -  
valued at t h e  beginning of loading. 
The c o n s t i t u t i v e  r e l a t i o n s  take  t h e  form 
-8- 
where P is the e l a s t i c  shear modulus, v is Poisson’s ra t io ,  
2 2  
5 
all - 1-v - (1-2v) 8 a 
2 
a12 = 
a13 = 
a14 * 
a 
v - (1-2v) B a5ag 
v - (1-2v) 13 a a 
1 2 
2 
5 1 1  
- $1-2v) B a S T  a 
2 2  = 1-v - (1-2v) B ae 22 
2 a = v - (1-2v) f3 a a 
23 e , - ,  
‘24 - e T  
“33 = 1-v  - (1-2v) B an 
a =  - $1-2v) a a 
1 2 - $1-2v) B a a 
2 2  
- 
1 2 
34 r ) T  
. 
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To def ine  the  terms in (2.5) we note  t h a t  t he  loading funct ion $ is  
given by 
where J2 and J3 a r e  t h e  second and t h i r d  inva r i an t s  of  t he  stress 
dev ia to r  tensor .  Then 
2 1 2  + a  + - a  ) 2 2 e rl 2 - r  and y2  = 1 + B (aS2 + a 
The quant i ty  P ( ~ )  i s  the  equivalent p l a s t i c  shear  (tangent) modulus. 6 
eq 
-10- 
Inse r t ing  (2 .2 )  i n t o  (2 .4 ) ,  and t h e  r e s u l t  i n t o  (2.3) gives 
equi l ibr ium equations i n  terms of t he  displacement r a t e s .  
i s  w r i t t e n  i n  terms of t h e  following functions 
The res,ult  
! 
-11- 
We thus  have 
+ A 
- tanh.9 + (all  + a44) sin2n/H2] a i / a g  
+ B5aG/aO + [ B ~  - a12 tanrl + a (sinh2S/H2 
5 24 
+ [Ct - a23 t anh t  - az4(sin2V/H 2 + tann) - (a33 
- a22 tanh 2 5 + (C sinh25 - B sin2rl)/H 2 
5 5 
(2. loa)  
+ 2(- a23 sinh25 tanh5 + all cosh25 + a tanh5 sin21-1 24 
- a44 cos21-1)/H 2 + 1- (2a13 + a33) s inh  2 25 + 2a14 sinh2Ssin21-1 
2 4 .  s i n  2111 /H } u + { -  D tan0 - 2a14 + a tanh6tanI-I 5 22 + a44 
2 2 sec rl - (B sinh26 - A sin2q)/H - a24 5 5 
+ [a24 (sinh25tanhS - sin2rltan1-1) + aZ3 sinh25tan1-1 
- a12 tanh5 sin21-1]/H 2 + [a34 s inh  2 25 + (a44 - aI3 
- 2all) sinh25sin2n + a14(2 s inh  2 25 - s i n  2 21-11] /H 4 .  } w = 0 
-12- 
+ A &/a0 + B &/a6 + [ B  + a23 tanhc + a 2 4 ( ~ i n 2 ~ / H  2 
+ t a m )  + (a33+a44) sinh2S/H 2 .  ] au/ar,
rl 11 11 
2 .  2 
+ a44) sin2rl/H 3 au/aS + { -  D tan0 - a23 sec Q 
11 
t a n  2 rl + (C sin211 - B sinhZS)/H 2 - 11 11 
(2.10b) 
+ 2(a12 sin2q tan0 + aI3  cos211 - a tan0 s inha t  24 
2 - a44 cosh2S)/H2 + [- (2a13+a11) s i n  211 + 2a34 s i n 2 n s i n h 2 ~  
+ a44 s inh  2 2S] /H 4 .  } w + {D tanhS + 2a34 + a22 tanqtanhc 
r) 
sech 2 5 - (Bn sin20 - Aq sinhZS)/H 2 
+ a24 
+ I -  a24 (sin2rltanq - sinh2StanhS) - a12 sin2vtanhS 
+ a tanqsinh2S]/H 2 + [al4 s i n  2 211 + (a44-a13 23 
- 2a33) sin2qsinh2S + a (2sin 2 211 - s inh  2 2t)]/H 4 '  } u = 0 34 
A c e r t a i n  d u a l i t y  may be observed between (2.10a) and (2.10b); 
indeed s u i t a b l e  permutations of t h e  c o e f f i c i e n t s  w i l l  allow one t o  
be wr i t t en  d i r e c t l y  from t h e  other .  
-13- 
Boundary Equations: Conditions on var ious boundary sur faces  
may be spec i f i ed  i n  t h e  usual  manner, r e c a l l i n g  only t h a t  time 
dependence must be taken i n t o  account €or a problem t o  be properly 
posed. 
condi t ions may be obtained from t h e  foregoing. Thus, displacements 
may be spec i f i ed  d i r e c t l y ,  and stresses from a s u i t a b l e  combination 
of (2 .2)  and (2.4) .  
Should a boundary surface coincide with a coordinate  sur face ,  
Other su r faces ,  descr ibed more r e a d i l y  i n  the  cy l ind r i ca l  
coordinates  ( r ,  8, z) , r equ i r e  t ransformation formulae. 
These r e l a t i o n s  are,  f o r  s t r e s s e s  
G = [ (cosh25-1) (l+cos2rl); + (cosh25+1) (l-cos20); 
r 5 rl 
- 2 sin2Csin2n ]/(2H2) 
crl 
G = [ (cosh26+1) (l-cos2q); + (~0sh2c -1 )  ( l + c o s 2 ~ ) G  (2.11) 
Z 5 rl 
+ 2 sinh2Ssin2rl ]/(2H2) 
crl 
2 . .  
T = [sinh2Ssin2rl(a -u ) + 2 ( c o s h 2 ~ c o s 2 r l - l ) ~  ]/(2H ) r z  5 r l  crl 
and, f o r  displacements 
i = 42(; sinhccosrl - 4 coshCsinq)/H r 
4 = J2(; coshcsinrl + 4 sinhCcosq)/H z 
(2.12) 
. 
. - 14- 
where u and w z  are displacement components i n  cy l ind r i ca l  coordinates .  r 
The r e l a t i o n s  (2.11) and (2.12) may be  in t eg ra t ed  with respec t  t o  
time merely by removing t h e  dots above a l l  dependent va r i ab le s .  
Spec i f i c  Conditions: The problem a t  hand i s  t o  be solved i n  
the  domain 
where 
sinh-’ [H/(b s inn) ]  , TI > n c  
(2.13) 
cosh-’ [R/(b COSTI)] > TIc 
and 
2 2 2  2 1 / 2  
2(b ~ 0 s ~ ~ ) ~  = R2+H2+b2 + [ ( R  +H +b ) - 4R2b2] (2.14) 
Also, we have 
b = (R-D) J1 + p/(R-D) 
(2.15) 
-1 
rl 0 = COS [(R-D)/b] 
. 
-15- 
Hence t h e  domain i s  s p e c i f i e d  once R ,  H ,  D ,  and p a r e  known. 
A sketch of a t y p i c a l  domain appears i n  Figure 2 . 2 ,  us ing R = H = 2 i n ,  
D = 1 i n ,  p = 0.1 i n .  Both the  "physical plane" and t h e  "coordinate 
plane," i . e . ,  d iamet r ica l  c ross -sec t ions ,  are shown f o r  l a t e r  re ference .  
In t h e  domain, we presume t h a t  4 = $(J2 ,  J ) i s  given subjec t  3 
6 t o  t h e  cons t r a in t  t h a t  4 has t h e  dimensions o f  stress;  t h a t  
= P ( ~ ) ( + )  i s  spec i f i ed ;  and t h a t  l~ and v a r e  known. Then 
eq eq P 
(2.10a) and (2.10b) a r e  t h e  governing equat ions.  
Boundary condi t ions are 
(equiyalent ly ,  b is  antisymmetric 
and w i s  symmetric with respec t  t o  C) 
(2.16) 
-16- 
lr/4 
I € -I- dr 714 lr/2 D 
I 
I i I 
o+ -r I 2 
Figure 2 . 2  - Coordinate plane (above) and phys ica l  p lane  
(below), f o r  R = H = 2, D = 1, p = 0.1 
-17- 
and symmetry condi t ions on the  l a s t  statement may be used i n  analogy 
t o  those spec i f i ed  f o r  the  f i r s t .  
required by the  theory t o  accumulate s u f f i c i e n t l y  slowly t h a t  the  
deformation remains q u a s i - s t a t i c .  
- -  
The funct ion 0 = a ( t )  i s  t h e  loading, 
-18- 
111 .  PRIMARY NUMERICAL PROCEDURES 
The ove ra l l  numerical procedure rests on th ree  primary 
techniques of numerical analysis .  The f i r s t  i s  repeated appl ica t ions  
of Taylor ' s  s e r i e s ,  and i s  reviewed i n  some d e t a i l  below. The second 
is  a procedure f o r  solving large s e t s  of simultaneous ( l i n e a r )  
a lgeb ra i c  equat ions,  and i s  based on the  work of C .  W. McCormick. 
I t  i s  a method appl icable  t o  sparse but  banded matrices and 
o f f e r s  t h e  f ea tu res  of low storage i n  the  computer, high speed, 
and con t ro l l ab le  accuracy. 
c o r r e c t o r  method, introduced below a t  a more appropriate  po in t .  
In  addi t ion ,  t he re  a r e  ce r t a in  procedures f o r  handling the  mass 
11 
The t h i r d  i s  a s tandard p red ic to r -  
of output an t i c ipa t ed .  These are ,  a t  t h i s  wr i t ing ,  i n  i n i t i a l  
developmental s t ages ;  f u r t h e r  descr ip t ion  appears a t  t he  end of t h e  
r e p o r t .  
TAYLOR SERIES 
The t h e o r e t i c a l  aspects  of Taylor 's  theorem a r e  w e l l  
documented and need not be repeated here .  
however, a r e  manifold and bear  some discussion.  
I t s  modes of app l i ca t ion ,  
Consider a coordinate l i n e  as might be se l ec t ed  i n  a "coordinate 
plane,"  shown i n  Figure 3.1. 
t h e  funct ion 6 - not t o  be confused with the  loading funct ion - 
assumes d i s c r e t e  va lues ,  as  indicated by the  subsc r ip t s  i ,  j , , , q .  
Providing t h a t  4 i s  ana ly t i c  along t h i s  l i n e ,  i t  possesses 
A t  equi-spaced poin ts  along t h i s  l i n e ,  
. -19- 
Figure 3.1 - Coordinate l i n e  i n  a coordinate plane and $ evaluated 
at equi-spaced points  i ,  j , , , q .  
Taylor ' s  s e r i e s  expansions about any poin t  on the  coordinate l i n e .  
Remark: In  the  following development, equal spacing i s  
presumed. A r b i t r a r i l y  unequal spacing may be used, however, t o  der ive 
analogous r e s u l t s ;  t he  formulae a re  considerably more involved. 
The requirement of a n a l y t i c i t y  is not  r e s t r i c t i v e  i n  the  present  
problem f o r ,  as may be r eca l l ed ,  t h e  domain i s  such as  t o  exclude 
s i n g u l a r i t i e s  i n  the  so lu t ion .  
12 
A t y p i c a l  expansion takes  the  form 
1 n n  
+ - n! (piL) a a p 2 "  + ... 
, -20- 
In p a r t i c u l a r  we have, with A <  = cm - 5 ,  = 5, - sk, e t c . ,  
1 n n  n 
n! + - ( A < )  a $,/as + ... 
If expressions similar t o  (3.2) a re  w r i t t e n  f o r  I$ 
'n 9 
of 5 - s, i n  (3 .1) ,  we a r r i v e  at a set of a lgebra ic  r e l a t i o n s  
between 9 a t  points neighboring <,, and t h e  value o f  9 and i t s  
de r iva t ives  a t  5 
so on, we have 
$k, $, and j' 
based on (3.1) and with a t t en t ion  paid t o  the  s ign  and magnitude 
For example, i f  we denote a$ , /a<  by $ L 1 ,  and E' 
I t  i s  wel l  known t h a t  (3.3) may be solved t o  f ind  an appropriate  
value of ,  say $L1l.  The procedure i s  t o  mult iply the  f i r s t  of  (3.3) 
by a,  t he  second by b,  and t h e  t h i r d  by c ,  and equate t h e  sum t o  I $ ~ ~ ~ .  
. 
-21- 
Hence 
a$m + b$R + C ~ J ~  = (a+b+c)$ 11 + (a-c)Ac$kt 
+ -(a+c)AC 1 2 $ E t t  + -(a-c)Ac 1 3 $ R " t  
2 6 ( 3 . 4 )  
... 1 4 + x(a+c)AC $ E 1 1 t 1  + 
The right-hand s i d e  of ( 3 . 4 )  i s  set equal t o  whereby we require  
a + b + c = O  
A <  ( a  - c)= 0 ( 3 . 5 )  
Note t h a t  we have thus placed conditions on the  f i r s t  t h ree  coe f f i c i en t s  
on the  r i g h t  of ( 3 . 4 ) ,  because we had only t h r e e  constants  t o  eva lua te .  
If more terms a r e  des i red ,  more poin ts ,  e .g . ,  9 .  and $,, must be 
included i n  ( 3 . 3 ) .  
3 
The so lu t ion  t o  (3 .5 )  i s  obviously 
1 2 a = - ? b =  C = l / A c  
. -22-  
So t h a t  (3 .4)  becomes 
This i s  the  well-known c e n t r a l  d i f fe rence  formula f o r  an ordinary 
second de r iva t ive .  
r i g h t  of  (3.7) and has a magnitude l a rge ly  determined by A 6  . 
I t s  e r r o r  i s  ind ica ted  by t h e  second term on the  
2 
Neglecting t h e  e r r o r  term gives the  approximate r e l a t i o n  des i red .  
In  similar fashion o the r  der iva t ive  formulae can be constructed.  
F i r s t  de r iva t ives ,  f o r  example, may be wr i t t en  as 
2 
a l l  with e r r o r s  of the  order  of A <  . The expressions i n  ( 3 . 8 )  a r e  
forward, c e n t r a l ,  and backward difference formulae, and a r e  of  use 
a t  boundaries of  a domain and i t s  i n t e r i o r .  
In t e rpo la t ion  Formulae: The same procedure may be used t o  
i n t e r p o l a t e  values of 9 between spec i f ied  po in t s .  Consider, f o r  
example, t he  problem of f ind ing  $ a t  5 
Expanding about 6 we have 
such t h a t  6, - 5, = xA6. 
X 
X' 
-23- 
3 3  1 ( l+x)  A <  e x f t t  + . .. 1 2 2  = +x - (l+X)A<4xt + 7 ( l+x)  A <  $ J ~ ~ ~  - g 9 
In t h i s  case,  we have 
a$, + be, + c $ ~  = (a+b+c)$x + [ ( l -x )a  - xb 
1 2 
+ '2- [ ( I -x)  a - (l+x)c]A<$ X 
+ x 2 b + ( l+x)  2 2  C I A <  $," 
(3.10) 
1 3 3 
6 + - [(1-x) a - x b 
and the  right-hand s i d e  of (3.10) must equal $I . Hence 
X 
a + b + c = l  
(1-x)a - xb - ( l+x)c  = 0 
2 2 2 (1-x) a + x b + (l+x) c = 0 
(3.11) 
giving 
1 
2 a = - x(l+x)  
2 b = l - x  
-24- 
(3.12) 
1 c = -  'i; x(1-x) 
and (3.10) becomes 
which is seen t o  be a good approximation when the  e r r o r  term is 
neglected.  
c t  t h a t  c 
t h a t  x be l imi ted  t o  the  range -1 < x < 1, so  t h a t  t h i s  r e l a t i o n  
may be reasonably used f o r  ex t rapola t ion ,  i . e . ,  x > 1 o r  x < -1, 
as well. 
In  (3.13), t h e  sign of x determines on which s i d e  of 
i s  t o  be found. There does not  appear t o  be any reason 
X 
- -  
Further  Results: Let us now apply the  foregoing t o  a 3 x 3 
g r i d  of po in t s ,  as  sketched i n  Figure 3.2. We take  
Figure 3.2 - Showing a 
3 x 3 g r i d  of po in t s  and 
intermediate  po in t s  on one 
g r i d  l i n e  only. 
. -25- 
The funct ion $ as  known - or a t  l e a s t  determinate - a t  the  numbered 
po in t s ,  and inqui re  as t o  t h e  value of  $ and i t s  f i r s t  der iva t ives ,  
at  t h e  l e t t e r e d  poin ts .  Following the  procedure out l ined  above, 
we l e t  x = S C / A C ,  y = STI/ATI, taking care  t o  observe the  s ign  of x and 
y a s  set by the  coordinate d i rec t ion  and t h e  pos i t i on  o f  a given 
intermediate  poin t  r e l a t i v e  t o  the  one a t  cen ter .  
Af te r  some algebra we f ind 
1 2 1 
$ i  = - yY(l-Y)O1 + (1-y 3 8 ,  + T y ( l + y ) $ 7  
1 2 1 = - - x(l-x)$l  + (1-x ) $ 2  + 7 X(l+X)$l3 +P 2 
X(1-X)+l4 + (1-x ) $ 5  + - x(l+x)($6 
= - - x(l-x)$,  + (1-x ) o s  + - x(l+x)$g 'r 2 2 
1 2 1 
2 
= - 
1 2 1 
(3.14a) 
(3.14b) 
-26- 
(3 .15b)  
-27- 
(3. Ih a) 
(3.16b) 
Examination of (3.15) and (3.16), i n  conjunction with (3.13) ind ica t e s  
t h a t  t he  e r r o r s  o f  t he  f i r s t  der ivat ive formulae a r e  comparable t o  
those of (3.8).  
-28- 
APPLICATION TO THE DIFFERENTIAL EQUATIONS 
The d i f f e r e n t i a l  equations (2.10) may be converted d i r e c t l y  
t o  f i n i t e  d i f fe rence  form by su i t ab le  use of formula such as  (3.7) 
and the  second of  (3.8).  
i n  f ind ing  t h e  c o e f f i c i e n t s  of (2.9),  as noted below. 
S l igh t ly  d i f f e r e n t  procedures a r e  employed 
11 In order  t o  make good use of McCormick's so lu t ion  method, 
some care  needs t o  be exercised i n  wr i t i ng  the  f i n i t e  d i f fe rence  
forms of (2.10) a t  each po in t .  
each g r i d  poin t  i n  the  "coordinate plane" i n  a systematic  manner. 
S t a r t i n g  a t  t h e  lower lef t -hand corner i n  Figure 2 . 2 ,  i . e . ,  a t  ( s ,n)  = 
( 0 ,  no), we take  the  po in t s  i n  order from 5 = 0 t o  5 = 5, f o r  17 = 
Next we take the  poin ts  along n = 
so on u n t i l  reaching the  upper right-hand corner i n  the  top  sketch of 
Figure 2 .2 .  
Accordingly, w e  write the  equations a t  
OO 
+ An, from l e f t  t o  r i g h t ,  and 
Several  f ea tu re s  a r e  presuined i n  t h i s  scheme. First we must 
have found the  i r r e g u l a r  right-hand boundary, i . e . ,  the  funct ion 
Su(n). 
e x t e r i o r  po in t s  a r e  implied. These poin ts  a re  temporary, and reference 
t o  them i s  removed when boundary condi t ions a re  imposed. F ina l ly ,  
since both equations a r e  wr i t ten  a t  each poin t  o r ,  i n  o the r  words, 
each poin t  i s  considered but once, the  order  of  appearance of  the  
displacement r a t e s  i s  i n  p a i r s ,  one f o r  each po in t .  
Second, f o r  any po in t  a t  o r  adjacent t o  a boundary, f i c t i c i o u s  
Thus, our u l t imate  aim i s  t o  generate a system of a lgebra ic  
equat ions whose matrix representat ion i s  
(3.17) 
-29- 
where [ ] denotes a square matrix,  { } denotes a column vec tor .  In  
the  present  scheme, the  e n t r i e s  i n  {d a r e  ;(O, qo), ;(O, n o ) ;  
u(At;,rQ, i ( A E ,  n o ) ;  ...; ihA6,7r/2) ,  ;(nAS,n/Z). 
nA6 t o  denote t h e  g r i d  poin t  fu r thes t  r i g h t  on the  l i n e  q = 7r/2. 
Here we have used 
The s t r u c t u r e  of  [ K ]  i s  seen from t h e  following observat ions.  
When wr i t ing  t h e  f i n i t e  difference equations a t  any poin t  (e, r l ) ,  
r e fe rence  is made a t  most t o  the e igh t  po in t s  surrounding it. For 
example, t h e  po in t s  shown i n  Figure 3 . 2  a r e  s u f f i c i e n t  t o  wr i t e  t he  
f i n i t e  d i f f e rence  equations a t  point  5 i n  t h e  f i g u r e .  
non-zero e n t r i e s  i n  [K]  w i l l  be found only within some determinate 
This means t h a t  
d i s t ance  from t h e  main diagonal of t he  matrix.  Such a matrix i s  
r e f e r r e d  t o  as  banded. 
An immediate consequence o f  t h i s  matr ix  s t r u c t u r e  i s  t h a t  only 
t h e  band need be s to red  i n  the  computer, thus allowing a much l a r g e r  
number of g r i d  po in t s  t o  be used for a given s torage  capaci ty .  Fur ther ,  
it becomes usefu l  t o  r e f e r  t o  s torage loca t ion  r e l a t i v e  t o  the  main 
diagonal i t s e l f  r a t h e r  than absolute values .  
The procedure begins by wri t ing the  f i n i t e  d i f fe rence  equations 
a t  a l l  po in t s  where the  dependent var iab les  a r e  t o  be found, according 
t o  t h e  foregoing scheme. The preliminary s t e p  of f ind ing  the  c o e f f i c i e n t s  
i s ,  f o r  t he  most p a r t ,  s t ra ightforward and requi res  no comment. Care 
i s  t o  be exercised,  however, i n  f ind ing  the  terms i n  (2.9) f o r  po in ts  
a t  o r  next t o  a boundary. Use o f  t he  forward and backward formulae 
o f  ( 3 . 8 )  i s  ind ica ted  i n  such cases. 
Symmetry Conditions: The symmetry condi t ions i n  t h e  f i r s t  and 
l a s t  of  (2.16) a r e  in se r t ed  next.  Along 5 = 0 ,  f o r  example, these  
take  the  form 
-30- 
(3.. 18) 
Hence, reference t o  u(-AS, n ) ,  i . e .  , a t  a temporarily f i c t i c i o u s  p a i n t ,  
i s  replaced by s u i t a b l e  reference t o  ;(+A<, TI).  Thus the  coe f f i c i en t  
o f  t h e  former i s  subt rac ted  from t h e  coe f f i c i en t  o f  t he  l a t t e r ,  and 
t h e  en t ry  i n  t h a t  loca t ion  i s  se t  t o  zero.  
one need only take care  t h a t  fu r the r  e n t r i e s  a r e  not  made i n  t h a t  
This s t e p  i s  s t ra ight forward;  
l oca t ion  subsequently. 
Boundary Conditions on the Notch Surface: The second o f  --- 
(2.16) are imposed next .  Performing the  s t eps  noted above, we a r r i v e  
a t  the  two simultaneous equations 
. 
+ c u + c w = o  1 2 
(3.19) 
+ d ; + d ; = O  1 2 
dl ,  d2 a r e  abbreviations f o r  more involved expressions 1’ c2’ where c 
r e a d i l y  der ivable  as noted. 
gives  
Solution of (3 .19)  for t he  normal de r iva t ives  
(3.20) 
where L1, L are l i n e a r  functions of t h e i r  arguments. Put t ing ,  
for example, t h e  first of (3.20) i n  f i n i t e  d i f fe rence  form, we have 
2 
(3.21) 
Hence reference i n  t h e  matrix [K]  t o  the  f i c t i c i o u s  ;(S, Q -AQ) 
may be replaced,  v i a  (3.21), t o  reference t o  points  on the  boundary o r  
wi th in  t h e  domain. 
de r iva t ive  arguments of  L1 t o  use the  appropriate  formula of (3.8) 
so as t o  s t a y  within the  mat r ix  band. 
of  u(S, q0-An) is  zeroed out ,  as above. 
t h e  second of  (3.20). 
0 
Caution must be  exercised i n  deal ing with the  
F ina l ly ,  the  o r i g i n a l  coe f f i c i en t  
The same procedure is used f o r  
Remaining Boundary Conditions: While the  e n t i r e  motivation f o r  
t h i s  procedure i s  t o  provide great accuracy i n  t h e  v i c i n i t y  of  t he  
notch roo t ,  t he re  i s  no reason t o  abandon accuracy near  t h e  f r e e  and 
loaded sur faces .  
remaining boundary conditions i n  a cons is ten t  manner even though the  
contour i s  i r r e g u l a r  with respect t o  the  coordinate system. 
Accordingly, methods have been devised t o  apply the  
A more useful  form of (2.11) is  
+ y u + y w  1 2 
. - .  
NuZ = alau/ag + 
(3.22) 
+ y u + y w  1 2 
+ 6 ;+ 62w 
1 
where (See page 33 f o r  (3.23)).  
I t  is  seen t h a t  (3.22) are i n  subs t an t i a l ly  the  same forn as (3.19), 
so  t h a t  t he  remaining boundary conditions may be imposed i n  the  same 
manner as those along the  notch sur face .  
The one procedural difference i s  t h a t  (3.22) a re  not wr i t t en  a t  
g r i d  po in t s ,  t h a t  i s ,  the  remaining boundary condi t ions p e r t a i n  t o  
po in t s  on g r i d  l i n e s  o = const and a t  values of  5 grea te r  than t h a t  
of t h e  g r i d  poin t  fu r thes t  t o  the r i g h t  i n  the  "coordinate plane" of 
Figure 2 .2 .  As a r e s u l t ,  the  coe f f i c i en t s  of (3.23) must be 
evaluated a t  the  boundary i t s e l f ;  (3.14) a r e  employed for t he  required 
ex t r apo la t ion .  Further ,  the  der iva t ives  i n  (3.22) a re  subjected t o  the  
same process using (3.15) and (3.16). 
-33- 
N = (1-2v)bH/(ZJ2~) 
2 S = sinh2Csin2q/H 
2 C = ( c o s ~ ~ S C O S ~ ~ - ~ ) / H  
1 1 ai = T (ali+ai3) + 7 (ali-ai3)C - ai4S 
- 1  1 ai = 7 (ali+ai3) - - 2 (ali-ai3)C + ai4S 
= -  1 (ali-ai3)S + ai4C 'i 2 
(3 .23)  
= a tanhS + (a3sinh2S-a4sin2rl)/H 2 
y1 2 
2 
y2 = -a2tann + (a 1 s in2n -a4sinh26)/H 
2 - - - - 
y1 = a2tanhS + (a3sinhS -a4sin2q)/H 
2 - - - 
= -a2tann + (Clsin2n -a4sin2S)/H Y2 
2 
61 = B2tanhS + (B3sinh2S-B4sin2q)/H 
- 34- 
The main r e s u l t  i s  t h a t  the  values of u and w a t  t he  temporary 
fictitious poin ts  ex terna l  t o  the  domain may be evaluated i n  terms of 
values  i n t e r n a l  t o  t h e  domain. Thus t h e  remaining boundary condi t ions 
are s a t i s f i e d ,  and the  problem i s  f u l l y  spec i f i ed  i n  a s e t  of l i n e a r ,  
a lgebra ic ,  f i n i  t e -d i  f ference equations. 
-35- 
IV. PROCEDURE FOR A TYPICAL LOAD INCREMENT 
S t r i c t l y  speaking, t h e  problem as formulated is  d i r ec t ed  t o  
solving for displacement r a t e s  a t  any i n s t a n t  of t ime, due t o  t h e  
e x c i t a t i o n  of a corresponding loading r a t e .  
however, we make use of the  fac t  t h a t  t he  displacement r a t e s  a r e  near ly  
proport ional  t o  the  loading r a t e ,  and thereby consider s l i g h t l y  
d i f f e r e n t  q u a n t i t i e s .  
l'small'l increment of time 6 t  s o  t h a t  
In  t h e  present  procedure, 
In  e f f e c t ,  we look f o r  the  behavior over a 
t + 6 t  . 
6u = j u d t  'L G 6 t  
t 
(4.1) 
and so  on f o r  a l l  dependent var iab les ,  
o f  r a t e s  and increments. 
We thus speak interchangeably 
This procedure appears j u s t i f i e d  i f  t h e  time increment i s  
"small" enough. A r igorous de f in i t i on  of smallness does not present  
i t s e l f ;  c e r t a i n  fea tures  may nonetheless be dis t inguished.  We would 
expect ,  f o r  example, t h a t  ~ E / E  < < 1 f o r  t h e  various s t r a i n  components. 
Looking a t  t h e  types of  s t r e s s - s t r a i n  curve used i n  ana lys i s  (continously 
turn ing  tangent ;  monotonic), we would a n t i c i p a t e  f u r t h e r  t h a t  t he  
tangent  modulus of t he  t o t a l  s t r a i n  curve, given by I I / ( ~ + P / I I ( ~ ) ) ,  does 
no t  change rap id ly  from one load increment t o  t h e  next .  
eq 
In  an opera t iona l  sense,  meeting such conditions becomes 
r a t h e r  awkward. 
The f i r s t ,  following e a r l i e r  work,4 requi res  load increments t o  be 
Allowance i s  thereby made f o r  two modes of operat ion.  
. -36- 
spec i f i ed  by the  ana lys t  as par t  of the  input  t o  the  program. 
mode requi res  some judgement but allows one t o  arrange f o r  c e r t a i n  
s p e c i f i c  loads t o  be generated. Thus, f o r  example, i f  comparison were 
t o  be made between theory and experiment a t  (r= 13,950 l b / i n  , say, 
t h i s  load s t a t e  could be achieved with no ambiguity. 
This 
2 
The second mode s e t s  t h e  load increment i n t e r n a l l y .  A t  f i r s t ,  
a u n i t  load increment is  applied; t he  so lu t ion  i s  then generated.  
Next, a load f a c t o r  is  determined such t h a t  t h e  yielded zone grows 
t o  include one more g r i d  poin t  i n  t h e  quadrant than before .  
t h i s  mode i s  expected t o  provide information f o r  b e t t e r  use of  the  
f irst  mode. 
Use of 
Typical Load Increment: The computer program embodying the  
procedures described i n  t h i s  report  i s  wr i t t en  f o r  a typ ica l  load 
increment. Implied i n  t h i s  phrase i s  a knowledge of t he  s t r e s s  and 
s t r a i n  f i e l d s  a t  t he  s t a r t  of the increment, which i s  s u f f i c i e n t  t o  
e s t a b l i s h  t h e  pos i t i on  each g r id  po in t  has reached on the  s t r e s s -  
s t r a i n  curve. Such information is  adequate f o r  f inding the  various 
coe f f i c i en t s  required by the  governing equat ions,  both i n  the  f i e l d  and 
on the  boundary. 
A consequence of t h i s  view i s  t h a t  an e l a s t i c  increment i s  
t y p i c a l ,  That i s ,  if the  s t r e s s - s t r a i n  curve is i n i t i a l l y  l i n e a r ,  
t he  e n t i r e  procedure i s  appl icable .  
l i n e a r i t y ;  the  first load increment i s  adjusted such t h a t  t he  most 
highly s t r e s s e d  ( in  terms of  T o r  $I) g r i d  poin t  has j u s t  exceeded 
t h e  proport ional  l i m i t .  
Indeed we requi re  t h i s  i n i t i a l  
eq 
The corresponding load increment i s  normally 
-37- 
l a rge  r e l a t i v e  t o  subsequent values,  but t h i s  exception t o  t h e  preceding 
comments i n  permissible  because o f  t he  l i n e a r i t y  of t he  problem a t  
t h i s  po in t .  
Wri t ing  - t h e  Matrix: As noted above, t he  matr ix  i s  banded, and 
we a l l o c a t e  s torage  only f o r  the band of  non-zero elements i n  [ K ]  
(cf. (3.17) e t  s e q . ) .  The number of columns i n  the  matrix band is  
always odd because it contains  the  main diagonal of [ K ]  and an equal 
number of diagonals t o  t h e  r i g h t  and lef t .  
matr ix  band corresponds t o  t h e  main diagonal of [ K ] .  
rows i s  twice the  number of gr id  po in t s .  
The c e n t r a l  column i n  t h e  
The number of 
As a prel iminary s t e p ,  we eva lua te  the  geometric da t a  f o r  t he  
problem i n  such a fashion as t o  insure  t h a t  t he  s torage  a l loca t ion  o f  
t h e  matr ix  band i s  not  exceeded, and t h a t  t he  r a t i o  AS/An is  c lose  
t o  un i ty .  
Next, t h e  d i f f e r e n t i a l  equations (2 .  l o ) ,  i n  f i n i t e  d i f fe rence  
form, are wr i t t en  a t  each g r id  point s o  generated.  
preceded, of course,  by evaluation of t h e  pe r t inen t  coe f f i c i en t s  i n  the  
equat ions using t h e  da t a  a t  t he  beginning of t he  load increment. 
This s t e p  is 
F ina l ly ,  the  various symmetry and boundary condition a re  in se r t ed  
following the  same order  and procedure noted i n  t h e  previous chapter .  
I t  i s  worth commenting t h a t  t he  conditions on r = R and z = H requi re  
p a r t i c u l a r  care;  i n  la rge  measure, t h i s  i s  t h e  p r i c e  paid f o r  increased 
accuracy and r e so lu t ion  i n  the  v i c i n i t y  of t h e  notch o r  crack roo t .  
Comment on Boundary Conditions: One aspect of  t h e  procedure -
f o r  imposing boundary conditions on r = R and z = I4 should be discussed.  
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S t a r t i n g  a t  the  ax is  5 = 0 and moving along a l i n e  5 = const f o r  
increas ing  5 ,  w e  t e s t  t o  determine whether, f o r  any g r id  po in t ,  any 
of  t he  surrounding e igh t  points  fa l ls  outs ide  the  domain. 
no ac t ion  i s  required.  
If  no t ,  
If  any of t he  surrounding po in t s  a r e  ex te rna l ,  i . e . ,  temporary 
and f i c t i c i o u s ,  several items of information must be es tab l i shed .  
F i r s t ,  t he  number of po in ts  t ha t  f a l l  e x t e r i o r  must be determined. 
Second, we must f i nd  t h e  in t e r sec t ions  between t h e  g r i d  l i n e s  corresponding 
t o  the  poin t  i n  quest ion,  as i n  Figure 3 . 2 ,  and the  boundary l i n e s ;  
coordinates  of  these  in t e r sec t ions  and t h e  assoc ia ted  values of x and y 
( c f .  (3.14) - (3.16)) a r e  t o  be found. 
I t  happens t h a t  the  d i f f e ren t  numbers and d i f f e r e n t  combinations 
of po in t s  t h a t  can f a l l  ou ts ide  the  domain number near ly  f o r t y  cases .  
Most of these  a re  such t h a t  general  r u l e s  can be formulated f o r  t h e i r  
d i spos i t i on .  A few exceptions occur and they r equ i r e  spec ia l  a t t e n t i o n .  
Once the  necessary information has been e s t ab l i shed ,  f u r t h e r  
s t e p s  a r e  required.  From (2.11)  (or (2.12)) i n  t h e  form of (3.22),  
it is  seen t h a t  two boundary equations a r e  t o  be wr i t t en .  
equat ions should be evaluated on the  same po in t ( s )  of t he  boundary s o  
t h a t  they may be put  i n t o  a useable form. 
These 
As an example, consider the case t h a t  po in t s  3 and 6 i n  
Figure 3.2 a r e  outs ide  the  domain, a l l  o thers  being in s ide .  
boundary then cu ts  t he  g r i d  l i nes  a t  pos i t i ons  noted approximately 
by p ,  q ,  and k. 
be found. 
(3.22) a r e  each zero. 
The 
The p rec i se  locat ion of  each po in t  must, of course,  
Let us s ta te  f u r t h e r  t h a t ,  f o r  t h i s  case,  G r  and irZ of 
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Then, using (3.14) - (3.16), (3.22) a r e  t o  be put i n  a form 
such t h a t  each i s  a l i n e a r  a lgebra ic  combination of 
numbered (temporarily) 1 through 9. As a preliminary s t e p ,  t he  
c o e f f i c i e n t s  al ,  a2, ...., a2 must be found. A problem a r i s e s ,  
however, i n  t h a t  t h e r e  are three  po in t s  (p, q ,  k) where the  boundary 
i n t e r s e c t s  t he  g r i d  l i n e s ,  bu t  only two "grid" poin ts  e x t e r i o r  t o  t h e  
domain. 
po in t s  f u r t h e s t  a p a r t ,  p and k f o r  t h i s  case.  
choice,  we write (3 .22)  a t  p and k i n  t h e  l i n e a r  form noted. 
and a t  poin ts  
The a r b i t r a r i n e s s  thus allowed permits s e l e c t i o n  of  those 
Having made t h i s  
This s e t  of  fou r  equations may then be solved t o  give u3, 
and w each as a l i n e a r  combination of t he  values of  u and w i n  w3, u6# 6 
t h e  i n t e r i o r .  The matrix band is  then a l t e r e d  as before .  Spec i f i ca l ly ,  
a l l  reference t o  e x t e r i o r  points  i s  replaced,  v i a  t h e  rearranged 
boundary equat ions,  by reference t o  i n t e r i o r  po in t s ,  and the  former 
e n t r i e s  a r e  zeroed. 
Solut ion:  Once the  matrix band i s  i n  f i n a l  form, the  so lu t ion  i s  
obtained using Professor  McCormick's e l iminat ion procedure. 
r e s u l t  i s  the  value of the  displacement increments 6u and 6 w  a t  each 
The 
g r i d  poin t .  
should be q u i t e  accurate  although, with t h e  reduced prec is ion  of t h e  
I B M  System 360,  t h i s  f ea tu re  remains t o  be es tab l i shed .  
Experience with t h i s  procedure ind ica t e s  t h a t  the  so lu t ion  
Answer: O f  a l l  the  information t o  be obtained,  t he  displacements 
a r e  perhaps the  l e a s t  important t o  the  ana lys t .  Accordingly we a l so  
compute s t r a i n s ,  s t r e s s e s ,  and several  i nva r i an t s .  
The displacements a re  taken as the  running sum of the  displacement 
increments. By ( 2 . 2 ) ,  t he  same procedure i s  employed f o r  t he  s t r a i n s .  
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The s t r e s s e s ,  however, may not be found i n  the  same manner, owing t o  
the  complexity of (2 .4)  - (2 .8) .  
d i f f e r e n t i a l  equations i n  time, and they a r e  in t eg ra t ed  v i a  s tandard 
predic tor -cor rec tor  methods. 
This s e t  of equations i s  regarded as 
. Thus (2 .4)  a r e  used t o  predic t  t he  stress increments by using the  
cur ren t  s t r a i n  increments and the  beginning values of  t he  c o e f f i c i e n t s  
a ( i ,  j = 1, 2 ,  3 ,  4 ) .  The s t r e s s e s  a r e  t e n t a t i v e l y  evaluated as 
the  beginning values plus  t h e  increments. The var ious coe f f i c i en t s  a r e  
recomputed, and new values of the s t r e s s  increments a r e  determined. 
stresses a re  then corrected.  
p re spec i f i ed  number of t imes,  o r  u n t i l  convergence i s  achieved according 
t o  a pe r t inen t  c r i t e r i o n .  
i j  
The 
The cycle  i s  repeated e i t h e r  f o r  a 
F ina l  Data: Having thus obtained the  primary dependent va r i ab le s ,  --
we tu rn  t o  computation of fu r the r  da t a  such as  the  p l a s t i c  s t r a i n s ,  
p r i n c i p a l  s t r e s s e s  and s t r a i n s  , and energy d e n s i t i e s ,  p l a s t i c ,  e l a s t i c ,  
and t o t a l .  
d e t a i l e d  here .  
These a re  found by standard formulae, and need not be 
Repet i t ion of t h i s  procedure f o r  a s e r i e s  of  load increments 
produces the  var ious stress and s t r a i n  f i e l d s  as funct ions of s p a t i a l  
pos i t i on  and time. The procedure i s  capable of  handling both loading 
and unloading although, a t  present ,  t he  r e q u i s i t e  coding i s  complete 
only f o r  t he  former. 
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V .  MANAGEMENT OF OUTPUT DATA 
One of t h e  problems at tendant  upon analyses of  t h e  s o r t  
descr ibed i n  t h i s  repor t  concerns the  manner i n  which output  i s  
handled. An estimate of  t h e  problem magnitude i s  obtained as 
follows. Let us suppose t h a t  the domain contains  about 200 g r i d  
p o i n t s ,  i . e . ,  t h a t  t h e  dependent va r i ab le s  are determined a t  each of  t hese  
loca t ions .  Further ,  presume tha t  t he re  are 50 load increments. Since 
w e  compute some 25 var iab les*  a t  each poin t  i n  space and t i m e ,  we are 
le f t  with a q u a r t e r  mi l l ion  pieces  of  da t a  a t  t h e  end o f  a s i n g l e  
computation. 
To confound matters fu r the r ,  t he  da t a  i n  t h e  form of numbers i s  
hard ly  use fu l  when i n t e r p r e t i n g  t h e  r e s u l t s .  
t h e  ana lys t  i s  more concerned with the  func t iona l  dependence of  t h e  
r e s u l t s  along c e r t a i n  l i n e s ,  e . g . ,  the  l i n e  of  crack prolongat ion,  
o r  over  a per iod  of  time. 
C h a r a c t e r i s t i c a l l y ,  
A s  a t  least  a p a r t i a l  so lu t ion  t o  t h i s  d i f f i c u l t y ,  it i s  planned 
t o  have t h e  output  ava i l ab le  i n  two forms. One i s  the  usual  form, i . e . ,  
p r i n t e d  on r egu la r  computer paper; t he  o t h e r  i s  on tape .  
form makes automatic review o f  the da t a  r e l a t i v e l y  simple,  p a r t i c u l a r l y  
because of t h e  arrangement i n  which the  da t a  are s tored .  
example, one were t o  decide t o  examine a p a r t i c u l a r  f ea tu re  of  t h e  
d a t a ,  a s h o r t  computer program could be wr i t t en  t o  scan t h e  t ape  and 
produce t h e  information des i r ed ,  
i nd ica t ed  stress and s t r a i n  i n t e n s i t i e s  and s i n g u l a r i t i e s .  
The l a t t e r  
If, f o r  
Such f ea tu res  might include the  
* These include two displacements, four  s t r a i n s  ( t o t a l ) ,  fou r  s t r a i n s  
( p l a s t i c  components on ly) ,  f o u r  stresses, th ree  each p r inc ipa l  s t r a i n s  
and s t r e s s e s ,  t h e  equivalent  s t r a i n  and stress,  and th ree  ( e l a s t i c ,  
p l a s t i c ,  and t o t a l )  energy dens i t i e s .  
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A second procedure, current ly  under development, i s  t o  be 
noted. 
on a cathode-ray tube face.  
t he  size and shape of  the  yielded zone, or p l a s t i c  enclave.  
t o  the  theory,6 the  p l a s t i c  enclave is  defined as the  zone enclosed 
by poin ts  along which T 
value a t  the  proport ional  l i m i t .  
examine contours along which T = CT where c > 1. 
This involves graphical display of t he  da t a  i n  f a m i l i a r  form, 
Consider, f o r  example, t he  matter  of f ind ing  
According 
= T ~ ,  i . e . ,  where T 
eq eq 
i s  equal t o  i t s  
Al te rna t ive ly  one might pe r fe r3  t o  
eq R’ 
In  any case,  t h e  problem becomes t h a t  of f ind ing  i s o -  contours 
of  t he  da t a ,  e i t h e r  i n  i ts  form as wr i t t en  on tape  o r  i n  simple 
combinations. To meet t h i s  requirement, one need only use (3.14) i n  
an inver ted  form. 
po in t s  2 ,  5, and 8 i n  Figure 3.2 i s  scanned u n t i l  values  o f ,  say,  T~~ 
a r e  found which bracket  t he  desired value T ~ .  
t h e  second of (3.14a) t o  f ind  the appropriate  value of y. 
s t a r t i n g  with 
The v e r t i c a l  g r id  l i n e  corresponding t o  t h a t  through 
Then we need only solve 
That i s ,  
w e  f i nd  
A similar formula may be computed f o r  x from (3.14b). 
-43- 
Hence we would scan the  data along each family of coordinate 
A smooth l ines t o  e s t a b l i s h  a s e t  of points  along which T 
curve f i t t e d  t o  these  points  becomes, i n  t h i s  case,  t he  boundary of t he  
p l a s t i c  enclave.  
f o r t h .  
= T eq R' 
Other cases  might produce isochromatics,  and so 
The procedure required t o  generate iso-contours i s  f a i r l y  
simple. Its u t i l i t y  l i e s  i n  r e p e t i t i v e  appl ica t ion .  Thus one might 
choose t o  examine the  family of l i n e s  T = CT where now c assumes 
a sequence of  values .  This corresponds t o  a "snapshot" of behavior,  
i . e . ,  a map i n  space a t  a se lec ted  i n s t a n t  of time. 
Al te rna t ive ly ,  one might look a t  t h e  same r e l a t i o n  with c 
eq R' 
f ixed ,  but  a t  a s e r i e s  of subsequent t imes,  corresponding t o  a 
"movie" of  the  behavior.  
e a s i l y  v isua l ized .  
Combinations of  t he  two types of usage a r e  
Carrying t h i s  procedure one s t e p  f u r t h e r ,  one might conceive 
of using the  graphical  readout of t h e  scope (CRT) as  a means f o r  see ing  
t h e  r e s u l t s  of a t h e o r e t i c a l  experiment. An enormous amount of 
numerical da t a  may be scanned rapidly and e f f i c i e n t l y ,  so  t h a t  the  
ana lys t  may r e t r i e v e  t h a t  which is  most pe r t inen t  t o  h i s  purpose. 
Moreover, he i s  i n  a pos i t ion  t o  determine what cons t i t u t e s  per t inence ,  
for each so lu t ion  may be s tudied  thoroughly. F ina l ly ,  by having each 
s o l u t i o n  permanently s to red  on tape,  previous work may be re-examined 
as needed, as  knowledge and understanding of  t h i s  problem area  grow. 
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VI. CONCLUDING REMARKS 
I t  i s  one th ing  t o  describe a numerical procedure, as i s  done 
i n  t h i s  r epor t ,  and another t o  reduce it t o  p rac t i ce .  The l a t t e r  
s t e p  is f requent ly  made more d i f f i c u l t  when a high speed d i g i t a l  
computer is  involved. Such i s  the case with the  present  e f f o r t .  
i s ,  a t  t h i s  wr i t i ng ,  i n  t h e  limbo between procedural formulation 
and rout ine  operat ion,  commonly termed "debugging." We a r e  nonetheless 
confident of i t s  f e a s i b i l i t y ,  f o r  a number of reasons.  These include 
ear l ier  work i n  
appropriateness  of  t he  curv i l inear  coordinates .' 
r e sp lu t ion  of  s eve ra l ,  de t a i l ed  procedural problems assoc ia ted  with the  
use of a d i g i t a l  computer, spec i f i ca l ly ,  t h e  IBM System 360. 
I t  
ca re fu l  problem formulation,6 and 
What remains i s  the  
There a r e  o the r  fea tures  of t he  present  program f o r  tension of  
an axisymmetric, e l a s t o - p l a s t i c ,  notched rod not discussed here .  One 
worth mentioning i s  a b u i l t - i n  check-point procedure. Should it be 
des i r ed  t o  i n t e r r u p t  t he  ca lcu la t ion  a f t e r  a c e r t a i n  number of load 
increments we may do so ,  and r e s t a r t  a t  some l a t e r  time a t  t he  poin t  
of in t e r rup t ion .  
without dupl ica t ing  i t s  e a r l i e r  por t ions ,  a f ea tu re  of some advantage 
should a given problem need t o  be extended. 
This means tha t  a given ana lys i s  may be extended 
In addi t ion  t o  the  computer program f o r  the  axisymmetric geometry, 
we have under concurrent development one f o r  p lanar  cases ,  i . e . ,  p lane 
s t r e s s  o r  plane s t r a i n .  
those  discussed above, so  t h a t  the remarks presented car ry  over t o  
p l ana r  problems. 
The procedures a r e  p rec i se ly  the  same as 
Perhaps the  major d i f fe rence  between axisymmetric 
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and p lanar  problems i s  t h a t  the d i f f e r e n t i a l  equations are somewhat 
s impler  f o r  t h e  l a t t e r  case. 
we are ab le  t o  work with both programs toge ther .  
The form i s  t h e  same, however, and 
The procedures appear t o  be equal ly  usefu l  i n  so lv ing  o the r  
d i f f e r e n t i a l  equat ions having the same mathematical charac te r  as 
(2.10). W h i l e  we have y e t  t o  study t h i s  matter i n  depth,  it would 
seem t h a t  t h e  present  method appl ies  i n  general  t o  e l l i p t i c ,  quasi-  
l i n e a r ,  coupled, p a r t i a l  d i f f e r e n t i a l  equations subjec t  t o  mixed 
boundary condi t ions.  
t h e  context o f  two s p a t i a l  var iab les ,  it has c a r e f u l l y  been formulated 
so t h a t  extension t o  t h r e e  s p a t i a l  va r i ab le s  (and time) i s  permissible .  
Hence, t h e  procedure appears t o  be one o f  considerable  u t i l i t y  i n  
mathematical physics .  
Although the  present  technique i s  presented i n  
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